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For a closed subgroup H of a locally compact group G consider the property
that the continuous positive definite functions on G which are identically one on H
separate points in G"H from points in H. We prove a structure theorem for almost
connected groups having this separation property for every closed subgroup. Also,
when a pair (G, H) has this separation property, there are interesting consequences
in the ideal theory of the Fourier algebra of G.  2000 Academic Press
INTRODUCTION
Let G be a locally compact group and P(G ) the set of continuous
positive definite functions on G. For a closed subgroup H of G, let
PH(G )=[, # P(G ) : ,(h)=1 for all h # H].
We say that G has the H-separation property if for every x # G, x  H, there
exists , # PH(G ) such that ,(x){1. When G has the H-separation property
for every closed subgroup H of G, we refer to G as a group with the separa-
tion property. This property first appeared in [19], where it was noticed
that if H is either normal, or compact, or open in G, then G has
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the H-separation property. Moreover, every group with small invariant
neighbourhoods has the separation property [11]. This paper is concerned
with a more systematic investigation of the separation property and with
applications to ideal theory of Fourier algebras.
In Section 1 we study almost connected groups with the separation
property, and we identify them as precisely those locally compact groups
that contain a normal subgroup of finite index which is a direct product of
a vector group and a compact group (Theorem 1.1). Thus, at least for
almost connected groups, the requirement to share the separation property
is fairly restrictive. Therefore, in Section 2, we provide some more classes
and examples of pairs (G, H ) such that G has the H-separation property.
Let A(G ) be the Fourier algebra of G and, for a closed subgroup H of
G, let I(H ) denote the closed ideal consisting of all functions in A(G ) that
vanish on H. In Section 3 we first characterize the H-separation property
in terms of the existence of certain projections from the von Neumann
algebra VN(G ), the dual of A(G ), onto the annihilator I(H )= (Proposition
3.1). We then apply this characterization to two different problems in the
ideal theory of A(G ). Suppose that G has the H-separation property. First,
when G is amenable, we prove the existence of an approximate identity in
I(H ) with norm bound 2 (Theorem 3.4). Actually, when GH is infinite, 2
is the best possible such bound (Theorem 3.4). This improves results from
[4, 10, and 11]. Second, we establish, in the general context of A(G )-
invariant subspaces X of VN(G ) [17], an injection theorem for X-Ditkin
sets (Theorem 3.5). In particular, this yields injection theorems for Ditkin
sets and for local Ditkin sets, respectively.
1. THE SEPARATION PROPERTY FOR
ALMOST CONNECTED GROUPS
In this section we completely characterize the almost connected locally
compact groups with the separation property by proving the following
structure theorem.
Theorem 1.1. Let G be an almost connected locally compact group. Then
the following two conditions are equivalent.
(i) For every closed subgroup H of G and x # G, x  H, there exists
, # PH(G ) such that ,(x){1.
(ii) G contains an open normal subgroup N of finite index such that N
is a direct product of a compact group and a vector group.
Notice first that if G is as in (ii) (and not necessarily almost connected),
then G is an SIN-group, that is, G has a neighbourhood basis V of the
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identity such that x&1Vx=V for all V # V and x # G. Moreover, every
SIN-group does have the separation property by [11, Proposition 3.10].
Thus, Theorem 1.1 in particular shows that an almost connected group has
the separation property if and only if it is an SIN-group. Also, it is obvious
that if a locally compact group has the separation property, then so does
every closed subgroup and every quotient group of G.
To prove (i) O (ii), suppose temporarily that we have already shown
that a connected Lie group with separation property is a direct product of
a vector group and a compact group. Now, let G be an almost connected
group with the separation property. Then G is a projective limit of Lie
groups G: [23, Theorem 4.6], and each G: has the separation property.
Thus the connected component of G: , which is of finite index in G: , is a
direct product of a compact group and a vector group. In particular, each
G: is an SIN-group. Now, it is well-known and easy to verify that a projec-
tive limit of SIN-groups is an SIN-group. Hence, by Theorem 2.13 of [13],
G has an open normal subgroup N such that N is the direct product of a
compact group and a vector group. Finally, since G is almost connected,
N has finite index in G.
It therefore suffices to prove (i) O (ii) for connected Lie groups. To that
end, we treat four special cases and then combine these, using structure
theory, to establish (i) O (ii) for general connected Lie groups.
To start with, let G be any locally compact group and let H be a closed
subgroup of G and , # PH(G). Then, by [15, (32.6)],
,(h1xh2)=,(x)
for all x # G and h1 , h2 # H. The basic idea in proving the theorem in spe-
cial cases is exploiting this property of functions in PH(G) for appropriate
choices of H.
Lemma 1.2. Let G be a locally compact group containing a closed normal
vector subgroup V such that GV is compact and connected. If G has the
separation property, then there exists a compact subgroup K of G such that
G is the direct product of K and V.
Proof. Since GV is compact and V is a vector group, there exists a
compact subgroup K of G such that G is a semi-direct product of K and
V [16, Theorem VIII]. Let : : k  :k denote the homomorphism from
K into GL(V ) defining this semi-direct product. Thus (k, u)(l, v)=
(kl, u+:k (v)) for all k, l # K and u, v # V. Let ( } , } ) be any scalar product
of V. Replacing ( } , } ) by the new scalar product
(u, v)  |
K
(:k (u), :k (v)) dk,
91A SEPARATION PROPERTY
we can henceforth assume that K acts on V by orthogonal transforma-
tions.
We proceed by induction on the dimension of V. If dim V=1, then
:k=idV for all k # K since K is connected. Suppose the statement of the
lemma holds whenever the vector group is d-dimensional, and let
dim V=d+1. Choose a linear subspace W of V of codimension 1, and let
KW=[k # K : :k (W )W]=[k # K : :k (W )=W].
Then KW is a closed subgroup of K, and :k (W=)=W= for each k # K.
Now, suppose that KW {K. For every k  KW , we have that
W+:k (W )=V since W is of codimension one. If , # PW (G ), then for all
u, w # W,
,(k, 0)=,((e, u)(k, 0)(e, w))=,(k, u+:k (w)).
Thus ,(k, 0)=,(k, v) for all v # V whenever k # K"KW . Since KW {K and
K is connected, e # K"KW . Continuity of , implies that 1=,(e, 0)=,(e, v)
for all v # V. This contradicts the separation property.
Thus KW=K. Then, by the inductive hypothesis, the semi-direct product
of K and W is in fact a direct product K_W. Moreover, since W= is one-
dimensional and K is connected, :k (v)=v for all v # W =. It follows that
G=K_V. K
We now present three examples of 2-step solvable, simply connected Lie
groups of dimension 3. The failure of the separation property for each of
these examples will subsequently be used to show that no non-abelian,
solvable, simply connected Lie group can have the separation property.
Example 1.3. (i) Let G be the ax+b-group, that is,
G=[(a, s) : a, s # R, a>0]
with multiplication (a, s)(b, t)=(ab, s+at). Let H be the subgroup consist-
ing of all (a, 0), a>0 and let G +=[(a, s) : a>0, s>0]. Then, for every
t # R, t>0, we have that H(1, t) H=G+. Thus, if , # PH(G ), then
,(g)=,((1, t)) for all g # G+ and all t>0. With t  0, it follows by con-
tinuity that , is identically one on G+.
(ii) Consider the Heisenberg group G. Thus G=R3 with multiplica-
tion
(x1 , y1 , z1)(x2 , y2 , z2)=(x1+x2 , y1+ y2 , z1+z2+x1y2),
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xi , yi , zi # R, i=1, 2. Let H=[(x, 0, 0) : x # R] and , # PH(G ). It is easily
verified that for gy=(0, y, 0), y{0,
[[h, gy]=hgy h&1g&1y : h # H]=[(0, 0, t) : t # R],
the centre Z(G ) of G. Since
,(gy)=,(hgy h&1)=,([h, gy] gy),
we obtain that ,(gy)=,(gyg) for every g # Z(G ) and y # R, y{0. With
y  0, we conclude that ,(g)=1 for all g # Z(G ). This shows that G does
not have the separation property.
(iii) With the notation of [1, p. 180182], let G=G3, 4 (:), : # R.
Then G can be realized as R3 with multiplication
(t1 , x1 , y1)(t2 , x2 , y2)
=(t1+t2 , x1+e:t1 (x2 cos t1& y2 sin t1), y1
+e:t1 (x2 sin t1+ y2 cos t1)) ,
tj , xj , yj # R, j=1, 2. Let H=[(0, x, 0) : x # R], a closed subgroup. Since
(0, x1 , 0)(t, 0, 0)(0, x2 , 0)=(t, x1+x2 e:t cos t, x2e:t sin t),
it follows that, for 0<t<?,
H(t, 0, 0) H=[(t, x, y): x, y # R].
Consequently, for each , # PH(G ),
,((t, 0, 0))=,((t, x, y))
for all x, y # R and 0<t<?. With t  0, we conclude that ,((0, x, y))=1
for all x, y # R. Thus the separation property fails for G.
Lemma 1.4. Let H be a solvable simply connected Lie group, and suppose
that H has the separation property. Then H is abelian.
Proof. Suppose that the statement of the lemma fails to hold, and let H
be a non-abelian, simply connected, solvable Lie group of minimal dimen-
sion which has the separation property. We claim that H has a non-
abelian, simply connected subgroup G of dimension 2 or 3.
To that end, let V be a non-trivial normal vector subgroup of H of mini-
mal dimension, and let q: H  HV denote the quotient homomorphism. It
is well-known that V is of dimension 1 or 2. Since HV has the separation
property, by the minimality of H, HV must be abelian and hence a vector
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group. Now, if dim V=1, then choose non-commuting elements x and y
in H and let G=q&1 (Rq(x)+Rq( y)). If dim V=2, then due to the mini-
mality of V, V cannot be contained in the centre of H. Then choose x # V
and y # H such that [x, y]{e, and let G=q&1 (Rq( y)).
Thus it suffices to show that any non-abelian, simply connected, solvable
Lie group G of dimension 3 does not have the separation property. Now,
the non-abelian, solvable, real Lie algebras g of dimension 3 are
classified in [1, pp. 180182]. Retaining the notation of [1], all such g
except the Heisenberg Lie algebra and g3, 4 (:) contain the Lie algebra of
the ax+b-group as a subalgebra. Since the separation property is inherited
by closed subgroups, it therefore remains to show that none of the
Heisenberg group, the ax+b-group and G3, 4 (:), the simply connected Lie
group corresponding to g3, 4 (:), does have the separation property. However,
this has been verified in Example 1.3. K
Lemma 1.5. Suppose that G contains a central torus Td such that GTd
is a vector group. If G has the separation property, then G is a direct product
of Td and a vector group.
Proof. By the structure theorem for connected abelian Lie groups, it
suffices to show that G is abelian. Let C be the collection of all closed sub-
groups C of Td such that TdC=T. Since  [C : C # C]=[1], it is enough
to show that each GC is abelian. Since every GC has the separation
property, we can assume that G contains a central torus T such that GT
is a vector group.
Suppose that G is non-abelian. There exists a closed subgroup H of G,
containing T, such that HT=R2 and H is non-abelian. Then H is
isomorphic to the so-called reduced Heisenberg group, that is, H=R2_T
with multiplication
(x1 , y1 , z1)(x2 , y2 , z2)=(x1+x2 , y1+ y2 , z1z2 e2?ix1 y2),
xj , yj # R, zj # T, j=1, 2. For x, y # R and z # T, let
ax=(x, 0, 1), by=(0, y, 1), and cz=(0, 0, z).
Let L=[ax : x # R] and , # PL (H ). Then
,(by)=,([ax , by] by)=,(ce2?ixy by),
and hence ,(by)=,(czby) for all z # T whenever y{0. With y  0, we
obtain that ,(cz)=1 for all z # T (compare the proof for the Heisenberg
group). This contradicts the separation property. K
The final special case to deal with is that of a semisimple Lie group.
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Lemma 1.6. Let G be a non-compact connected semisimple Lie group.
Then G does not have the separation property.
Proof. Suppose first that G has finite centre. Let G=KAN be an
Iwasawa decomposition of G, M the centralizer of A in K and H=MAN
the corresponding minimal parabolic subgroup. Let M* denote the nor-
malizer of A in K. Then the Weyl group M*M is finite. Let W be a coset
representative system for M in M*. Then, by a theorem of Bruhat and
Harish-Chandra [28, Theorem 1.2.3.1], G=w # W HwH, a finite union.
Now, let , # PH(G ). Then ,(w)=,(xwy) for all x, y # H. Hence , has
finite range. Since G is connected, this is impossible unless ,#1.
Now consider an arbitrary non-compact semisimple Lie group H, and let
Z denote the centre of H. Then G=HZ is a semisimple Lie group with tri-
vial centre. Also, G is non-compact since otherwise G, being a connected
group with cocompact centre, has to be the direct product of a compact
group and a vector group, contradicting semisimplicity of G. By the first
part, the separation property fails for G and hence for H. K
We are now ready to prove the implication (i) O (ii) of Theorem 1.1 for
connected Lie groups. In the sequel we shall frequently use, without any
further mention, that if H is a locally compact group with the separation
property, then closed subgroups and quotient groups of H also have the
separation property. First we consider connected solvable Lie groups and
argue by induction on the dimension.
Thus let G be a connected solvable Lie group with separation property,
and suppose that (i) O (ii) has already been shown for solvable connected
Lie groups of smaller dimension. Let [G, G] denote the closed commutator
subgroup of G. Then [G, G]=W1_C1 where W1 is a vector group and C1
is a compact connected Lie group. Note that C1 is normal in G. Also
G[G, G]=W2_C2 where W2 is a vector group and C2 is compact. Let H
be the closed subgroup of G containing [G, G] such that H[G, G]=C2 .
Then HC1 has a normal subgroup, isomorphic to W1 , with compact con-
nected quotient group C2 . Lemma 1.2 implies that HC1=W1_K1 where
K1 is a compact connected group and K1 is normal in G. Next, GK1 has
a normal vector subgroup (namely, W1) with quotient group W2 . So GK1
is simply connected and 2-step solvable. By Lemma 1.4, GK1 is a vector
group. Since G is a connected Lie group and K1 is compact, connected and
solvable, it follows that K1 is contained in the centre of G and isomorphic
to Td for some d. Now, Lemma 1.5 shows that G=W_Td where W is a
vector group.
Finally, let G be an arbitrary connected Lie group with separation
property, and let R denote the radical of G. Then, by what we have shown
above, R=W_Td, with W a vector group. Thus R is an SIN-group and
every element of R has a compact conjugacy class. By Lemma 1.6, the
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semisimple group GR is compact. It follows that every element of R has
a compact conjugacy class in G and R has a neighbourhood basis of the
identity consisting of G-invariant sets. That is, with the notation of [13],
R # [SIN]G & [FC]&G , whence by [13, Theorem 1.1] there is a vector
subgroup V of G which is normal in G such that R=V_Td. So G has a
normal vector subgroup V with compact and connected quotient group
GV. Applying Lemma 1.2 again yields that G=V_K where K is compact
group.
This finishes the proof of the theorem.
2. EXAMPLES AND REMARKS
Let G be a locally compact group and H a closed subgroup of G. As
mentioned earlier, G has the H-separation property whenever H is normal
or open or compact. To capture more subgroups H, recall from [13] that
G is said to have small H-invariant neighbourhoods (G belongs to the class
[SIN]H) if G has a neighbourhood basis V of the identity such that
h&1Vh=V for all V # V and h # H. Then, for instance, G # [SIN]H for
any locally compact group G and any compact subgroup H of G. More
interesting examples can be constructed as in Remark 2.1.
Remark 2.1. Let N be an arbitrary locally compact group and K a
compact group of topological automorphisms of N. Then N possesses a
neighbourhood basis V of the identity such that {(V )=V for all V # V
and { # K. Let H be any (not necessarily closed) subgroup of K. Endow H
with the discrete topology and form the semi-direct product, G, of H and
N defined by the action of H on N. Then G # [SIN]H since N is open in G.
The condition that G # [SIN]H can be further weakened as follows.
A closed subgroup H of a locally compact group G is said to be neutral in
G if for every neighbourhood U of the identity e of G there exists a
neighbourhood V of e such that VHHU [26]. Actually, if H is neutral
in G, then there exists a neighbourhood basis W of e such that WH=HW
for all W # W. Indeed, if U and V are as above, then W=U &
U&1 & H(V & V &1) H satisfies HW=WH. This notion of neutral subgroup
covers the cases that G # [SIN]H and that H is open in its normalizer.
The following proposition extends [11, Proposition 3.10], and the proof
is an adaptation of that given in [11] for the SIN-group case. However, for
the reader’s convenience, we include a sketch of proof.
Proposition 2.2. Let G be a locally compact group and H a closed
neutral subgroup. Then, given any compact subset C of G with C & H=<,
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there exists u # PH(G ) such that u(x)=0 for all x # C. In particular, G has
the H-separation property.
Proof. Notice first that since H is neutral in G, by [25] there exists an
invariant measure + on the left coset space GH (equivalently, the modular
functions of G and of H agree on H ). So Weil’s formula
|
G
f (x) dx=|
GH
|
H
f (xh) dh d+(xH ),
f # L1 (G ), holds. Let TH denote the map from L1 (G ) onto L1 (GH, +)
given by TH f (xH)=H f (xh) dh.
Now choose a symmetric neighbourhood U of the identity in G such that
UCU & H=<. Since H is neutral in G, there exists a compact symmetric
neighbourhood V of the identity such that VU and HV=VH. Let
q: G  GH denote the quotient homomorphism and let v be nonnegative
function in L1 (G) such that TH v=+(q(V ))&12 on q(V ) and TH v=0 on
GH"q(V ). Then TH v has norm 1 in L2 (GH, +).
Now define u on G by
u(x)=|
G
v( y) THv(x&1yH ) dy.
Then, by the choice of U, V and v, it is easily verified that u(x)=0 for all
x # C.
We claim that u(h)=1 for every h # H. To see this, observe that if y # V,
then there exist k # H and z # V such that hy=zk. Hence
|
H
v(hyt) dt=|
H
v(zs) ds=+(q(V ))&12.
Since + is H-invariant, it follows that
u(h)=|
GH \THv(h&1yH ) |H v( yt) dt+ d+( yH)
=|
q(V ) \THv( yH ) |H v(hyt) dt+=1.
Finally, denoting by ? the representation of G induced from the trivial
representation of H, the formula for u can be rewritten as
u(x)=|
GH
TH v(x&1yH ) TH v( yH ) d+( yH)=(?(x) TH v, TH v) .
Thus u is positive definite, as was to be shown. K
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Lemma 2.3. Let G be a projective limit of groups G:=GK: , : # A, and
for each : # A, let q: : G  G: denote the quotient homomorphism. Let H be
a closed subgroup of G. Then the following conditions are equivalent.
(i) G has the H-separation property.
(ii) The set : # A PHK: (G ) separates points of G"H from points of H.
In particular, if G: has the q: (H )-separation property for every :, then G has
the H-separation property.
Proof. Suppose first that (i) holds, and let x # G"H. There exists
, # PH(G ) such that ,(x){1. For each : # A, let +: denote normalized
Haar measure of K: and define ,: : G  C by
,: ( y)=|
K:
,( yt) d+: (t).
It is straightforward to verify that ,: is a continuous positive definite
function. Moreover, for h # H and s # K: , since , # PH(G ),
,: (hs)=|
K:
,(hst) d+: (t)=|
K:
,(t) d+: (t)=,: (e).
Now, there exists a neighbourhood V of the identity in G such that
|,( y)&,(z)|<min(1, 12 |1&,(x)| )
for all y, z # G with z&1y # V. Then, for : large enough, K: V and hence
,: (e)1&|
K:
|1&,(t)| d+: (t)>0
and also
|,: (x)&,: (e)|= } |K: (,(xt)&,(t)) d+: (t) }|,(x)&1|
&|
K:
|,(xt)&,(x)| d+: (t)&|
K:
|,(t)&1| d+: (t)>0.
Consequently, :=,: (e)&1 ,: # PHK: (G) and : (x){1. This proves (ii).
Conversely, suppose that (ii) is satisfied and let x # G"H. There exist
: # A and ,: # PHK: (G ) such that ,(x){1. Thus (i) holds.
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Finally, the last statement follows from
PHK: (G )$Pq:(H) (G:) b q: ,
: # A, and the implication (ii) O (i). K
We conclude this section with various remarks concerning the separation
property.
Remark 2.4. Let G be a locally compact group and H a closed sub-
group of G. A problem of great significance that has been investigated by
several authors (see [3, 14, 21, 22] and the references therein) is the ques-
tion of whether every , # P(H) extends to some , # P(G ). For instance, the
main result of [14] says that the answer is affirmative whenever
G # [SIN]H . The same result was shown in [3], although not stated in this
generality. On the other hand, it was proved in [3] that if G is a connected
Lie group such that every closed subgroup of G shares this extension
property, then G # [SIN] (equivalently, G is the direct product of a vector
group and a compact group). Thus comparison with Theorem 1.1 shows
some unexpected parallel in the type of results holding for the separation
and the extension properties, at least for connected Lie groups.
Remark 2.5. Let G be a locally compact group and G0 the connected
component of the identity of G, and suppose that G0 is the direct product
of a vector group and a compact group. Let H be a closed subgroup of G0 .
Then G has the H-separation property. To see this, let first x # G"G0 . Then,
since G0 is normal, there exists , # PG0 (G )PH (G) such that ,(x){1.
Secondly, let x # G0 "H. Then there exists  # PH (G0) so that (x){1. By
[18, Proposition 1.1],  extends to a positive definite functions , on G,
and , # PH (G ), ,(x){1.
Remark 2.6. Let G be a nilpotent locally compact group, and let
[e]=Z0 Z1 ... denote the ascending central series of G. Let H be a
closed subgroup of G, and suppose that all subgroups Hm=HZm (m # N0)
have the extension property. Then H has the separation property. For that,
let x # G"H and let m be such that x # Hm , but x  Hm&1 . Since Hm&1 is
normal in Hm , there exists  # PHm&1 (Hm)PH (Hm) so that (x){1.
Now, by hypothesis,  admits an extension , # P(G). Thus, in particular,
if a nilpotent locally compact group has the extension property, then it has
the separation property.
For a locally compact group G, let B(G ) denote the FourierStieltjes
algebra of G [9]. B(G) consists of all finite linear combinations of con-
tinuous positive definite functions and is the dual Banach space of the
group C*-algebra of G (see [9]).
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Remark 2.7. For a closed subgroup H of G and c>0, let
BcH (G )=[u # B(G ) : u(h)=1 for all h # H and &u&c].
Then B 1H (G)=PH (G ). In fact, given u # BH (G), by [9, Lemme 2.14] there
exist a unitary representation ? of G and ! and ’ in the Hilbert space of
? such that
&u&=&!& }&’& and u(x)=(?(x) !, ’)
for all x # G. Hence, if u # B1H (G ), then
1=(!, ’) &!& }&’&=&u&1.
It follows that !=’, whence u # P(G ).
In view of this it is worth mentioning that BcH (G ) separates points of
G"H from points in H whenever c>1. To see this, notice that given
x # G"H, there exists v # B(G) such that v(x){0, v(h)=0 for all h # H and
&v&c&1 [9, Lemme 3.2]. Then u=1+v belongs to BcH (G ) and satisfies
u(x){1.
3. APPLICATIONS TO FOURIER ALGEBRAS
As outlined in the introduction, in this section we are going to apply the
H-separation property to two different problems in the ideal theory of
Fourier algebras. We start with a characterization of the H-separation
property which is required in both of these applications and also appears
to be of interest in its own.
However, we first have to introduce some notation. Let G be a locally
compact group, and let \G (or simply \) denote the left regular representa-
tion of G on L2 (G ). The Fourier algebra of G, A(G), has been introduced
by Eymard [9]. It is the closed ideal of B(G ) generated by all compactly
supported functions in B(G ) and turns out to be just the set of coefficients
of \ [9], that is, u # A(G ) if and only if there are f and g in L2 (G ) such
that u(x)= ( \(x) f, g) for all x # G. Recall that, when G is abelian, A(G )
is isometrically isomorphic (by means of the Fourier transform) to L1 (G ),
the L1-algebra of the dual group G of G. The spectrum of A(G ) can be
identified with G (point evaluations of functions in A(G)) [9, The ore me
3.34], and A(G ) is regular in the sense that given a compact subset C of
G and a closed subset E of G such that C & E=<, there exists
u # A(G ) & Cc (G ) such that u(x)=1 for all x # C and u( y)=0 for all y # E
[9, Lemme 3.2]. For a closed subset E of G, let
I(E )=[u # A(G ) : u(x)=0 for all x # E ]
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and
J(E )=[u # A(G ) & Cc (G) : u vanishes on a neighbourhood of E ].
Then J(E )II(E ) for every ideal I of A(G ) with zero set E.
Let VN(G) denote the closure in the weak operator topology of the
linear span of [\(x): x # G] in B(L2 (G)), the algebra of bounded linear
operators on L2 (G). Then A(G ) is the unique predual of the von Neumann
algebra VN(G ) [9, The ore me 3.10], and for T # VN(G ) and u # A(G ), we
write (T, u) for the value of T at u. There is a natural action of A(G ) (in
fact, of B(G )) on VN(G ) given by
(v } T, u) =(T, vu) , T # VN(G ), u # A(G), v # B(G ).
For a closed subgroup H of G, let VNH (G ) denote the von Neumann sub-
algebra of VN(G) generated by [\G (h): h # H]. Then VNH (G )=I(H )=,
the annihilator of I(H ) in VN(G ). Indeed, the inclusion VNH (G )I(H )=
is immediate from the definition of VNH (G ) and the fact that
( \G (x), u)=u(x) for x # G and u # A(G). Conversely, if T # I(H )= then,
by [10, Lemma 3.8], r(u)  (T, u) , u # A(G), defines a bounded linear
functional on A(H). Thus, for some S # VN(H ),
(T, u) =(S, r(u)) =(r*(S), u)
for all u # A(G ), whence T=r*(S) # VNH (G ).
It follows from [19, Theorem 2] that if G has the H-separation property,
then there exists a continuous projection P from VN(G ) onto VNH (G )
such that P(u } T )=u } P(T ) for all T # VN(G) and u # A(G ). For H nor-
mal, the existence of such a projection has also been shown by Derighetti
[6]. In what follows we need a strengthening of the mere fact that such
projections exist.
Let B(VN(G )) denote the space of all bounded linear operators
T : VN(G )  VN(G ) equipped with the weak*-operator topology (that is, a
net (4:): in B(VN(G)) converges to 4 if and only if (4: (T ), u) 
(4(T), u) for all T # VN(G) and u # A(G )). Then B(VN(G ))1 , the unit
ball of B(VN(G )), is compact.
For u # B(G ), define 4u # B(VN(G )) by 4u (T )=u } T. Let
KH=[4u : u # PH (G)],
the closure in the weak*-operator topology. Then KH is a compact convex
subset of B(VN(G))1 , and 4(u } T)=u } 4(T ) for each 4 # KH , u # PH (G )
and T # VN(G ).
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Proposition 3.1. Let G be a locally compact group and H a closed
subgroup of G. Then the following three conditions are equivalent.
(i) G has the H-separation property.
(ii) There exists a projection P from VN(G ) onto VNH (G) such that
P # KH .
(iii) VNH (G )=[T # VN(G ) : u } T=T for all u # PH (G )].
Every projection P as in (ii) has norm 1.
Proof. (i) O (ii). For each u # PH (G ), let ,u : KH  B(VN(G )) be
defined by
,u (4)(T)=u } 4(T ), T # VN(G ).
If 4 # KH , then there exists a net (u:): in PH (G ) such that 4u:  4 in the
w*-operator topology. Now ,u (4u:)=4uu: converges to ,u (4) in the
w*-operator topology, whence ,u (4) # KH . Consequently, [,u : u # PH (G )]
is a commuting family of continuous affine maps from KH into KH . Thus,
by the Markov-Kakutani fixed point theorem [8, p. 456, Theorem 6],
there exists P # KH such that ,u (P)=P for all u # PH (G ). Now, by [19,
Lemma 6] (and its proof), P(T) # VNH (G) for all T # VN(G) and P(T)=T
for all T # VNH (G).
(ii) O (iii). Let (u:): be a net in PH (G ) such that
(u: } T, u)  (P(T ), u)
for all T # VN(G) and u # A(G ). Suppose that T # VN(G ) is such that
u } T=T for all u # PH (G ). It follows that T=P(T ) # VNH (G ). On the
other hand, for all h # H, u # PH (G) and v # A(G ),
(u } \G (h), v)=( \G (h), uv)=u(h) v(h)=v(h)=( \G (h), v) ,
and hence u } \G (h)=\G (h) for all u # PH (G ) and h # H. This implies that
u } T=T for every T # VNH (G) and u # PH (G ).
(iii) O (i). Let x # G be such that u(x)=1 for all u # PH (G ). Then, for
all v # A(G ) and u # PH (G ),
(u } \G (x), v) =(uv)(x)=( \G (x), v) .
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Thus u } \G (x)=\G (x), whence \G (x) # VNH(G ) by condition (iii). By
definition of VNH (G ), this implies that x # H. So G has the H-separation
property.
Finally, let P be as in (ii). Since |(4u (T ), v) |= |(T, uv) |&T& &u& &v&
for all T # VN(G ) and u, v # A(G ), it follows that each 4u , u # PH (G ), has
norm one, and hence so does P. K
In particular, the implication (iii) O (i) of the preceding proposition
shows that [19, Lemma 6] does not hold for closed subgroups in general.
Let A be a commutative Banach algebra. Recall that an approximate
identity for A with norm bound c>0 is a net (u:): in A such that &u:&c
for all : and &u:a&a&  0 for every a # A.
Several authors have investigated the problem of which closed ideals of
A(G ) have bounded approximate identities [4, 10, 11, 20]. The starting
point has been Leptin’s theorem [20] that A(G ) itself has a bounded
approximate identity (of norm 1) precisely when G is amenable. However,
proper closed ideals of A(G ) very seldom have approximate identities with
norm bound 1. Indeed, for any closed subset E of G, the ideal I(E ) admits
an approximate identity with norm bound 1 if and only if G"E is a coset
of some open amenable subgroup of G [10, Proposition 3.12]. It turns out
that if H is a non-open closed subgroup of G, then 2 is the best possible
norm bound for an approximate identity of I(H ) (Proposition 3.3 below).
This generalizes [4, Theorem 10]. On the other hand, it is not unlikely
that I(H ) has a bounded approximate identity for any closed subgroup H
of an amenable group G. Such a conjecture is supported by results from
[10, 11], where it was shown to be true whenever H is compact or open
or normal in G, or if G is an SIN-group. In each of these cases the estimate
of [10, Proposition 3.2] provides the norm bound 3. Our first goal is to
improve these results by showing that if G is amenable and H is a closed
subgroup of G such that G has the H-separation property, then I(H) has
a bounded approximate identity with norm bound 2.
Lemma 3.2. Let H be a non-open closed subgroup of G. Let
P: VN(G )  I(H )= be a projection, and suppose there exists a bounded net
(u:): in B(G) such that
(u: } T, u)  (P(T ), u)
for all T # VN(G ) and all u # A(G ). Then P(T )=0 for all T # C \*(G ).
Proof. To establish the lemma, it suffices to prove that P(\G (g))=0 for
every g # Cc (G ). For a measurable subset M of G, let |M | denote the Haar
measure of M. Since H is not open in G, |H |=0, and hence given =>0,
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there is an open subset V containing H & suppg such that |V |=. Let
f =g } 1G"V . Then
&P(\G (g))&P(\G ( f ))&&\G (g& f )&&g& f &1
|V | &g&= &g& .
We now show that P(\G ( f ))=0. For that, let K=supp g & (G"V), a
compact subset of G"H. Then
|
K
( fu)(x) u: (x) dx=|
G
( fu)(x) u: (x) dx
=(u: } \G ( f ), u)  (P(\G ( f )), u)
for all u # A(G ). Since A(G ) is regular, there exists v # A(G ) such that
v(x)=0 for all x # H and v(x)=1 for all x # K. Then, since vu # I(H ) and
P(\G ( f )) # I(H )=,
|
K
( fu)(x) u: (x) dx=|
K
f (x) vu(x) u: (x) dx  (P(\G ( f )), vu) =0.
Hence (P(\G ( f )), u) =0 for all u # A(G), as required. K
Proposition 3.3. Let G be a locally compact group and H a non-open
closed subgroup of G. Then 2 is the best possible norm bound for an
approximate identity of I(H ).
Proof. Suppose there exists an approximate identity (v:): in I(H ) such
that, for some constant c<2, &v:&c for all :. Then, after passing to a
subnet if necessary, we can assume that (v:): VN(G )* converges in the
w*-topology of VN(G )*. As shown in the proof of Proposition 6.4 of [10],
this gives rise to a projection P from VN(G ) onto I(H )= such that
( (1&v:) } T, u)  (P(T), u)
for all T # VN(G ) and u # A(G ). Lemma 3.2 now yields P(C \*(G))=[0].
Let I and IL2(G ) denote the identity of B(VN(G )) and B(L2 (G)), respec-
tively. By [4, Proposition 9] there exists T # C \*(G ) such that &T&=1 and
&IL2(G )&2T&=1. Since P(T)=0, it follows that (compare the proof of
[4, Theorem 10])
(I&P)(IL2(G )&2T)=&2T,
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whence &I&P&2. Thus, since c<2, there exist S # VN(G ) and u # A(G )
such that &S&1, &u&1 and
|(S&P(S), u) |1+
c
2
.
Then, by definition of P, |(v: } S, u) |>c for sufficiently large :. This
contradicts |(v: } T, u) |&v:& }&T& }&u&c. K
Theorem 3.4. Let G be an amenable locally compact group and H a
closed subgroup of G such that G has the H-separation property. Then the
ideal I(H ) of A(G ) has an approximate identity with norm bound 2.
Moreover, if GH is infinite, then 2 is the best possible norm bound for an
approximate identity of I(H ).
Proof. Since G is amenable, A(G ) has an approximate identity with
norm bound equal to 1 [20]. Let P: VN(G )  VNH(G )=I(H )= be a pro-
jection as in Proposition 3.1. Since P has norm 1, by Proposition 2 of [4]
for any v # I(H ) and =>0, there exists u # I(H ) auch that &u&2 and
&uv&v&=. It was independently shown by Altman and Wichmann (see
[24, Theorem 5.1.2(c)]) that this implies the existence of an approximate
identity with norm bound 2.
The second statement of the theorem follows from Proposition 3.3 when-
ever H is not open in G. Finally, if H is open in G and of infinite index,
then 2 is the best possible norm bound by [4, Theorem 11]. K
Let X be an A(G )-invariant linear space of VN(G). A closed subset E of
G is called an X-Ditkin set for A(G ) if for every T # X and u # I(E ) there
exists a net (v:): in J(E) such that
(v: } T, u)  (T, u).
Equivalently, given T # X and u # I(E ), there exists v # J(E ) such that
(T, u)=(T, vu). This notion of X-Ditkin set has been introduced
in [17]. When specializing to X=VN(G ) and X=UCc (G ), the set of
operators in VN(G ) with compact support, one obtains the classical
notions of Ditkin set and local Ditkin set, respectively (see [5, Proposition
9; 17, Lemma 2.6]).
Now let H be a closed subgroup of G. Our second application of the
H-separation property concerns an injection theorem for X-Ditkin sets. Let
r: A(G )  A(H ), u  r(u)
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be the restriction map. r is norm decreasing and surjective, and hence the
adjoint map
r*: VN(H )  VN(G ), (r*(S), u)=(S, r(u)) ,
u # A(G ), S # VN(H ), is injective. In fact, r* is a weak*-weak*-continuous
isomorphism from VN(H ) onto VNH(G ) and it maps UCc (H ) onto
UCc (G ) & VNH(G) [17, Lemmas 3.1 and 3.2]. For any A(G)-invariant
subspace X of VN(G ), let
XH=r*&1(X ).
Then XH is an A(H )-invariant subspace of VN(H ). Indeed, if S # XH and
v # A(H ) and u # A(G ) such that r(U )=v, then
r*(v } S)=u } r*(S) # X,
hence v } S=r*&1(u } r*(S)).
Theorem 3.5 (Injection theorem for X-Ditkin sets). Let G be a locally
compact group and X an A(G)-invariant linear subspace of VN(G). Let H be
a closed subgroup of G and E a closed subset of H.
(i) If E is X-Ditkin for A(G ), then E is XH -Ditkin for A(H ).
(ii) Suppose that there is a projection P from VN(G) onto VNH(G )
such that P # KH and P(X )X. In addition, suppose that for every T # X and
u # I(H ),
(T, u) # [(T, vu) : v # A(G )].
Then, if E is XH -Ditkin for A(H ), it is also X-Ditkin for A(G ).
Proof. Let IH(E )=[w # A(H ) : w(x)=0 for all x # E ] and
JH(E )=[w # A(H) & Cc (H ) : w vanishes on a neighbourhood of E in H].
(i) Let S # XH=r*&1(X ) and w # IH(E). Since r is surjective, there
exist u # I(E) such that r(u)=w. Since r*(S) # X and E is X-Ditkin, there
exists v # J(E) such that (r*(S), u)=(r*(S), vu). Thus
(S, w)=(r*(S), u)=(r*(S), vu)=(S, wr(v)).
As r(v) # JH(E ), this shows that E is XH-Ditkin.
(ii) Let T # X and u # I(E ). Then P(T ) # VNH(G )=I(H )=, and since
r* is an isomorphism of VN(H ) onto VNH(G ) [17, Lemma 3.1], there
exists S # VN(H ) such that P(T )=r*(S). By hypothesis, P(X)X, and
106 KANIUTH AND LAU
hence S=r*&1(P(T )) # XH . Thus, since E is XH-Ditkin, there exists
w1 # JH(E ) such that
(P(T), u) =(r*(S), u)=(S, r(u))=(S, r(u) w1) .
Choose w # J(E ) such that r(w)=w1 . Then
(P(T), u) =(S, r(uw))=(P(T ), uw). (1)
Since P # KH , given =>0, there exists p # PH(G ) so that
|( p } T, u)&(P(T ), u) |= (2)
and
|( p } T, uw) &(P(T), uw) |=. (3)
Let s=(1& p)(u&uw). Then s # I(H ) and hence, by hypothesis, there
exists t # A(G ) such that (T, s) =(T, st). Now let
v=w+(1& p)(1&w) t # J(E)+I(H ).
Since H is a spectral set [27, Theorem 3], I(H )=J(H )J(E ). Hence
v # J(E ) and, by the definition of s and v,
(T, uw+s)=(T, uw+st)
=(T, uw+u(1& p)(1&w) t)=(T, uv) . (4)
Finally, using (1), (2), (3), and (4), we get
|(T, u) & (T, uv) |=|(T, u) &(T, uv+s) |
=|(T, u) &((T, uw) + (T, (1& p)(u&uw)) )|
=|(T, u) &( p } T, uw)&(T, (1& p) u) |
=|( p } T, u) &( p } T, uw) |
|( p } T, u) &(P(T ), u) |
+ |( p(T), uw)&( p } T, uw) |2=.
Since v # J(E ) and =>0 was arbitrary, we conclude that (T, u) #
(T, uJ(E )) . This proves that E is X-Ditkin. K
In addition to UCc (G ), we now introduce some more subspaces of
VN(G) to which Theorem 3.5 applies. In [12], UC(G ) was defined to be
the closed linear span of [u } T : u # A(G ), T # VN(G )]. Alternatively,
UC(G ) can be defined as the norm closure of UCc (G ) in VN(G). When G
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is abelian, UC(G ) is the C*-algebra of bounded uniformly continuous func-
tions on the dual group G of G (whence the notation in the general case).
The collection of operators T in VN(G ) for which the set [u } T :
u # P(G ) & A(G ), u(e)=1] is relatively norm compact (weakly compact) is
denoted AP(G ) (WAP(G )). Then both AP(G ) and WAP(G ) are closed
A(G )-invariant subspaces of VN(G). When G is abelian, then AP(G ) and
WAP(G ) can be identified with the space of continuous almost periodic
and continuous weakly almost periodic functions on G , respectively. For a
discussion of these subspaces of VN(G ) see [2, 12, and 18]. If H is a closed
subgroup of G, then r*(UC(H ))=UC(G ) & VNH(G ), and similarly for
AP(H ) and WAP(H ) [17, Lemma 3.2].
Note that if X is either UCc (G ) or UC(G ), then P(X )X for any projec-
tion P in KH . Indeed, if T # UCc (G ), then T=v } T for some v # A(G ) &
Cc (G ) and hence
P(T)=P(v } T )=v } P(T ) # UCc (G )
because v has compact support. Since UCc (G ) is dense in UC(G ), it follows
also that P(UC(G ))UC(G ). Also, if X=AP(G ) or WAP(G ), then
P(X )X. Indeed, this is straightforward from the fact that P(u } T )=
u } P(T) for all T # VN(G ) and u # A(G ).
As a first consequence we obtain the following generalization of
Derighetti’s injection theorem [5, The ore me 12] for local Ditkin sets of
A(G ).
Corollary 3.6. Let G be a locally compact group and H a closed
subgroup of G, and suppose that G has the H-separation property. Let E be
a closed subset of H. Then E is a local Ditkin set for A(G) if and only if E
is a local Ditkin set for A(H ).
Proof. Recall that if T # UCc (G ), then T=v } T for some v # A(G ), and
hence (T, u) =(T, vu) for all u # A(G ). The statement now follows from
Proposition 3.1, Theorem 3.5, and the above remarks. K
Corollary 3.7. Let G be a locally compact group and H a closed
subgroup of G. Suppose that G has the H-separation property and that
u # uA(G ) for all u # I(H). Let E be a closed subset of H. Then E is Ditkin
(UC(G )-Ditkin; AP(G )-Ditkin; WAP(G )-Ditkin) for A(G ) if and only if E
is Ditkin (UC(H )-Ditkin; AP(H )-Ditkin; WAP(H )-Ditkin) for A(H ).
Proof. We have to show that, given T # X and u # I(H ), there exists
v # A(G ) such that (T, u)=(T, vu). If (T, u) =0, let v=0, and if
(T, u){0, then notice that since the function v  (T, vu) on A(G ) is
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linear and u # uA(G ), the range of this function equals C. The statement
now follows from Proposition 3.1, Theorem 3.5, and the above remarks. K
ACKNOWLEDGMENT
The referee has kindly informed us that in a preprint of J. Delaporte and A. Derighetti
‘‘Invariant projections and convolution operators’’ they have obtained results similar to our
Proposition 3.1 and Corollary 3.6.
REFERENCES
1. P. Bernat et al., ‘‘Repre sentations des groupes de Lie re solubles,’’ Dunod, Paris, 1972.
2. C. Chou, Almost periodic operators on VN(G), Trans. Amer. Math. Soc. 317 (1990),
229253.
3. M. Cowling and P. Rodway, Restrictions of certain function spaces to closed subgroups
of locally compact groups, Pacific J. Math. 80 (1979), 91104.
4. J. Delaporte and A. Derighetti, Best bounds for the approximate units of certain ideals of
L1 (G) and of Ap (G), Proc. Amer. Math. Soc. 124 (1996), 11591169.
5. A. Derighetti, Quelques observations concernant les ensembles de Ditkin d’un groupe
localement compact, Monatsh. Math. 101 (1986), 95113.
6. A. Derighetti, Convoluteurs et projecteurs, in ‘‘Harmonic Analysis,’’ Lecture Notes in
Math., Vol. 1359, pp. 142158, Springer-Verlag, New YorkBerlin, 1988.
7. J. Dixmier, ‘‘C*-Algebras,’’ North-Holland, Amsterdam, 1977.
8. N. Dunford and J. T. Schwartz, ‘‘Linear Operators, I,’’ Interscience, New York, 1957.
9. P. Eymard, L’alge bre de Fourier d’un groupe localement compact, Bull. Soc. Math. France
92 (1964), 181236.
10. B. Forrest, Amenability and bounded approximate identities in ideals of A(G), Illinois J.
Math. 34 (1990), 125.
11. B. Forrest, Amenability and ideals in A(G), J. Austral. Math. Soc. Ser. A 53 (1992),
143155.
12. E. E. Granirer, Weakly almost periodic and uniformly continuous functionals on the
Fourier algebra of any locally compact group, Trans. Amer. Math. Soc. 189 (1974),
372382.
13. S. Grosser and M. Moskowitz, Compactness conditions in topological groups, J. Reine
Angew. Math. 246 (1971), 140.
14. R. W. Henrichs, Fortsetzung positiv definiter Funktionen, Math. Ann. 232 (1978),
131150.
15. E. Hewitt and K. A. Ross, ‘‘Abstract Harmonic Analysis, II,’’ Springer-Verlag, Berlin
HeidelbergNew York, 1970.
16. K. H. Hofmann and P. Mostert, Splitting in topological groups, Mem. Amer. Math. Soc.
43 (1963).
17. E. Kaniuth and A. T. Lau, Spectral synthesis for A(G) and subspaces of VN(G), Proc.
Amer. Math. Soc., to appear.
18. A. T. Lau, Uniformly continuous functionals on the Fourier algebra of any locally
compact group, Trans. Amer. Math. Soc. 251 (1979), 3959.
19. A. T. Lau and V. Losert, Weak*-closed complemented invariant subspaces of L (G) and
amenable locally compact groups, Pacific J. Math. 123 (1986), 149159.
109A SEPARATION PROPERTY
20. H. Leptin, Sur l’alge bre de Fourier d’un groupe localement compact, C.R. Acad. Sci. Paris
Se r. A 266 (1968), 11801182.
21. J. R. Liukkonen and M. W. Mislove, Symmetry in FourierStieltjes algebras, Math. Ann.
217 (1975), 97112.
22. J. R. McMullen, Extensions of positive definite functions, Mem. Amer. Math. Soc. 117
(1972).
23. D. Montgomery and L. Zippin, ‘‘Topological Transformation Groups,’’ Interscience, New
York, 1955.
24. T. W. Palmer, ‘‘Banach Algebras and the General Theory of V-algebras, I,’’ Cambridge
University Press, Cambridge, 1994.
25. J. Poncet, Une classe d’espaces homoge nes posse dant une mesure invariante, C.R. Acad.
Sci. Paris 238 (1954), 553554.
26. W. Roelcke and S. Dierolf, ‘‘Uniform Structures on Topological Groups and Their
Quotients,’’ McGraw-Hill, New York, 1981.
27. M. Takesaki and N. Tatsuuma, Duality and subgroups, II, J. Funct. Anal. 11 (1972),
184190.
28. G. Warner, ‘‘Harmonic Analysis on Semi-simple Lie Groups, I,’’ Springer-Verlag, Berlin
HeidelbergNew York, 1972.
110 KANIUTH AND LAU
